The RAFU (radical functions) method is an original and unknown approximation procedure we can use in Approximation Theory. We know that the RAFU method provides a linear space uniformly dense in C [a, b] by using some separation conditions. In this work, we will show we can employ the RAFU method to approximate functions of C0 (R) and C00 (R), Riemann integrable functions, Lebesgue integrable functions, functions of L p [a, b] and L p (R), 1 ≤ p < ∞ and measurable functions. Moreover, Riemann integrals can be approximated by the integrals of the functions that the RAFU method provides.
Introduction
Let f be an arbitrary function defined in [a, b] and let a = x 0 < x 1 < ... < x n = b be a partition of [a, b] for each natural n. The RAFU method on approximation is an approximation procedure to the function f by a sequence of radical functions (C n ) n defined by the formula , p = 1, ..., n − 1.
. Moreover, if the data f (x j ) or average samples or local average samples are unknown, but approximate values of them are known, then it is also possible to obtain the uniform reconstruction of f . Such problems have been studied by many authors, for example, H. Behforooz, E.J.M. Delhez, F.G. Lang and X.P. Xu, T. Zhanlav and R. Mijiddorj, J. Huang and Y. Chen, J. Bustamante, R.C. Castillo and A.F. Collar. In [4] we solved all these problems with the only condition that f ∈ C [a, b] and we gave error uniform bounds in each case.
The radical functions defined as (1.1) approach very well to the step functions [3] . On the other hand, it is well-known that the step functions are dense in many spaces of functions, so our aim in this work will be to prove that these radical functions can also be dense in all these spaces.
The paper is organized as follows. In Section 2 we will recall some basic results about the uniform approximation on C [a, b]. In Section 3 we will approach functions of the spaces C 0 (R) and C 00 (R). The Riemann integrable functions will be approximated with the RAFU method in Section 4. Moreover, the integral of a Riemann integrable function will be approximated by the sequence of integrals of the functions that the RAFU method provides. This approximation procedure will serve to approach the Lebesgue integrable functions in Section 5. Section 6 is devoted to approximate elements of
In Section 7 the RAFU method will be employed to approach measurable functions.
Uniform approximation on C [a, b] with the RAFU Method
Consider an arbitrary step function defined [x 0 , x m ] by
Appl. Gen. Topol. 15, no. 2 Then, the sequence of radical functions (C m,n ) n given by the formula
where
verifies the following results.
Proposition 2.1. Let f be the function defined by (2.1). For any β > 0 such that
Let a = x 0 < x 1 < ... < x n = b be a partition of [a, b] with x j = a + j · b−a n , j = 0, ..., n. Define by ∁ n the subset of C [a, b] formed by the functions C m,n with m = n. In this case, the functions C n,n = C n have the form
Besides to prove the uniform density of ∁ in C [a, b], we also know the expression of each term C n of the sequence (C n ) n which converges uniformly to f in [a, b]:
b−a n , j = 0, 1, ..., n. Next result deals about the degree of uniform approximation of the RAFU method. 
b − a n for all n ≥ 2 being M and m the maximum and the minimum of f in [a, b] respectively and ω f, b−a n its modulus of continuity.
Proofs of these results are in [2, 3] .
3. Approximation on C 0 (R) and C 00 (R) Definition 3.1. C 0 (R) is the space of all continuous functions on R such that lim |x|→∞ f (x) exists and equals 0.
C 00 (R)is the space that consists of those functions on R with compact support.
Note that the functions C n defined on [a, b] as (2.3) can be defined on R by the same formula. In this case, it is easy to check that these functions verify lim
Let f be an element of C 0 (R). Given ǫ > 0, there exists N ǫ such that |f (x)| < ǫ if |x| > N ǫ . For these ǫ > 0 and N ǫ , there is a function C n,ǫ , defined on R as (2.3) by considering a = −N ǫ , b = N ǫ and by requiring C n,ǫ to have the values 0 at the points ±N ǫ , such that |f − C n,ǫ | < ǫ on [−N ǫ , N ǫ ]. Thus, we can construct a sequence (C n ) n defined on R such that lim
for all x ∈ R. Moreover, this limit becomes uniform on each interval [−N ǫ , N ǫ ].
Approximation to a Riemman integrable function
Proof. It is well-known that there is a sequence of step functions (E m ) m defined on [a, b] which converges uniformly to f on [a, b] except in a null set D that contains the points in which f is not continuous.
Given
The expression 
Approximation to a Lebesgue integrable function
Let I be an arbitrary interval on R and let L (I) be the set of all Lebesgue integrable functions defined on I. Given K ∈ N, there exists
at almost every point of I. We take into account that the countable union of null sets is a null set. The sequence (C n ) n we want to obtain can be constructed by considering suitable C n = C p mp,n for each p.
Let I be a set defined by I = I 1 ∪ I 2 where I 1 and I 2 are intervals such that
and f 2 ∈ L (I 2 ). Then, it is well-known that the function f defined by requiring to have value f 1 (x) at each point in I 1 and to have value f 2 (x) at each point in I 2 is a function that belongs to L (I) and I f = I1 f 1 + I2 f 2 . So, the radical functions C m,n defined as (2.2) can approach this function f ∈ L (I). Appl. Gen. Topol. 15, no. 2 be the set of all A-measurable functions f : 
. In this case, we can put
Let δ be a positive number. It is possible to find β > 0 such that µ (B β ) < δ. Moreover we know that there exists n 1 ∈ N such that |f − C m,n | p < (2M + δ) p on B β for all n ≥ n 1 by Proposition 2.2. On the other hand, for this fixed β > 0, there exist n 2 ∈ N such that |f − C m,n | p < δ p on A β for all n ≥ n 2 by Proposition 2.1.
Then, for n ≥ max
Since δ is arbitrary and M depends only on f , this proof is complete.
Let us call a function on R a step function if for each interval [a, b] its restriction to [a, b] is a step function. Analogous of Proposition 6.1 holds for L p (R, A, µ) where A and is the σ-algebra of Borel subsets of R and µ is the Lebesgue measure on R if we replace the set of step functions on [a, b] with the set of step functions on R that vanish outside some bounded interval, and if we replace the set of radical continuous functions on [a, b] with the set of radical continuous functions on R that vanish outside some bounded interval.
Approximation to a measurable function
The function f = 1 is the limit of step functions on R, however f is not a Lebesgue integrable function, f / ∈ L (R). So, the set of functions that are limit of step functions, namely M (R), contains the set of Lebesgue integrable functions L (R).
Theorem 7.1. Let I be an arbitrary interval on R and let f ∈ M (I). Then there exists a sequence of radical continuous functions (C n ) n defined as (2.3) such that lim n→∞ C n (x) = f (x) at almost every point of I.
Proof. If f ∈ M (I), then there exists a sequence of step functions (s n ) n on I such that lim n→∞ s n (x) = f (x) at almost every point of I.
Given K ∈ N, there is n K ∈ N such that |s p − f | < 1 2K at almost every point of I, if p ≥ n K . Since s p is a step function, there exists n K,p ∈ N such that C p mp,n − s p < 1 2K at almost every point of I, if n ≥ n K,p . So, if n 0 = max {n K , n K,p } and n ≥ n 0 then C p mp,n − f < C p mp,n − s p + |s p − f | < 1 K at almost every point of I. We take into account that the countable union of null sets is a null set. The sequence (C n ) n we want to obtain can be constructed by considering suitable C n = C p mp,n for each p. Let f be a function defined on an arbitrary interval I and suppose that (f n ) n is a sequence of measurable functions on I such that lim n→∞ f n (x) = f (x) at almost every point of I. Then, it is well-known that f is measurable on I. There are no measurable functions but this result shows us that it is not easy to construct examples of them. So, by means of the RAFU method on approximation we can approach almost all functions defined on an arbitrary interval I.
